
values of ~i, ~2, 61, ~2 found from Eq. (13) and the corresponding maximum errors of the 
approximation 6. 

The case when ~i = ~2 = ~I = 62 = 0 corresponds to approximation of the binary inter- 
mediate components on the basis of the Lichtenecker formula (7). 
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DYNAMIC CONTACT PROBLEM FOR A TWO-LAYER HALF-SPACE WITH A 

SPHERICAL CAVITY 

A. A. Lyapin, A. N. Rumyantsev, and M. G. Seleznev UDC 539.3:534.1 

This article examines the problem of exciting steady harmonic vibrations in an elastic 
two-layer half-space with a spherical cavity. The vibrations are excited by impact of a 
rigid die against the plane surface. The deformation of the medium is presumed to be axisym- 
metric. The boundary-value problem is solved in two steps. In the first step, we study the 
problem of the excitation of steady harmonic vibrations in an elastic two-layer half-space 
with a deep-set spherical cavity. Here, the vibrations are excited by a weightless rigid 
circular die with a flat base. With allowance for the radiation conditions, the boundary- 
value problem is reduced to a system of integrodifferential equations. These equations are 
studied by asymptotic methods and the method of approximate factorization of matrix functions. 
With the assumption that the amplitude of the load acting on the die is constant, we find 
the distribution law for the contact stresses and the amplitude-frequency characteristics of 
points of the base of the die. In the second step, we consider the effect of the mass of the 
die by examining the equation of its motion as a rigid mass under the influence of an assigned 
external load and the reaction of its complex elastic base. The reaction of the base is 
found from the first step for the given frequency range. 

Results are presented from study of the basic laws governing the behavior of the ampli- 
tude-frequency characteristics in relation to the mass of the die and the location of the 
cavity in the medium for different ratios of the stiffnesses of the layer and the half-space. 

Rostov-on-Don. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, 
No. 3, pp. 125-129, May-June, 1991. Original article submitted September 21, 1989; revision 
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I. Let an elastic medium located in the cylindrical coordinate system (R, z, 0) occupy 

the region D = D a U D 2, where D z = {R > 0, z < 0, 0 e (0, 2v), r = fir 2 + (z + h)2 > a}, D 2 = 
{R > 0, 0 e (0, 2~), z e (0, hi)}, {a, h} are the radius of the cavity and the depth of its 
center in the half-space. The properties of the medium in the region Dj are described by 

the parameters ~j (shear modulus) and Vpj, Vsj (velocities of longitudinal and transverse 
waves). 

A rigid circular weightless die with a flat base of radius b (R < b) undergoes harmonic 
vibrations with the frequency m on the surface of the layer z = ha under the influence of a 
concentrated force 

P ( R ,  t) = p S ( R  - -  f l o ) e x p ( - - i + O .  ( 1 .  I )  

The contact between the die and the layer and between the layer and the half-space is assumed 
to be rigid. At the boundary of the region D, outside the die, we assign conditions that 
correspond to the absence of stresses: 

z = h~: %~ = 0, ~Rz = 0, r = a: o ~  = 0, T~ = 0. ( 1 . 2 )  

E n e r g y  r a d i a t i o n  c o n d i t i o n s  a r e  a s s i g n e d  a t  i n f i n i t y .  The  s p h e r i c a l  c o o r d i n a t e  s y s t e m  ( r ,  
~, O)(r~ (a, oo), ~ (0, ~), 0~(0, 2a)) is connected with the center of the cavity. The angle 

is reckoned from the vertical in the clockwise direction, All of the relations will hence- 
forth be written in dimensionless parameters. Linear dimensional parameters are obtained 
from the dimensionless parameters by multiplying them by the dimensional radius of the cavity 
a, while quantities having the dimension of stress are obtained by multiplying the corre- 
sponding dimensionless quantities by the shear modulus ~z. 

The amplitude functions u O) of the displacements of points of the region Dj are sought 
in the form 

f (2) , (1.2) 
r 

I" 

= X.,~-M (~, z) + ~ S  (~, z), 

u~ I'~') = - -  : ~ a L  (a,  z) + "X1R (~z, z), 

? = ,th/~t 2, 
~(2; 

(1.3) 

The contour F is drawn in accordance with the principle of limiting absorption. In the given 
case, it coincides with the real positive semi-axis everywhere except for the poles and the 
branch points of the integrand. The contour passes below these points. 

Expressions for the functions M, S, L, R, MH, SH, Mb, Sb, LH, RH, Lb, R b were presented 
in [i]. The tilde denotes application of the Hankel transform to the functions Xj, Rj, qj, 

which correspond to the normal or shear stresses on one of the planes z = 0 or z = h i (the 
quantity a is the Hankel transform parameter): 

11 (1'1) = {U}, 1'1) s i I l  (~ ~- tt (1'1) COS (~, /tl- 1'1) c o s  (p - -  u (1'1) s i n  T}.  (1.4) 

The functions u~ 1'1), .(1 1; u~' determine the displacements in a space with a spherical cavity 
of unit radius in the case when the cavity surface is subjected to the assigned distributed 

forces OrrJr=l = Y1(~), Trr = Y2(@" These functions are found as follows: 

= A.-y;  h. (O,~r) + r h~ P .  (cos cV), 
7 ~ 0  
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~ (,%1)(Ol~O)/(n (,~ + ~) r) R (P~,(~o~ ~p)). //(1,1) = = ~ h(1)(811r) ..{_ Bn ~ r  
( i .5 )  

Here, A n = v/(2-~(Y1na4n - Y2na=n)(An)-1; A n = alna4n - a2na3n; B n = r - Y1na3n). 

(Sn)-~; hn(~)(x) are spherical Hankel functions; Pn(cOs ~) are Legendre polynomials; ajn are 

known functions of the corrected frequencies [2]. After we satisfy boundary conditions (1.2) 
at r = 1 (the first equation of the system) and the compatibility conditions (for the subse- 
quent equations), we obtain a system of integrofunctional equations in Xj, Rj, qj (j = i, 2): 

Y ((P) -- ,I G (a, qD) X (a) da = O, IK (a) + ~I' (a) = R'(a), 
P 

P (a) :~ (a) + ~" (a) = vq (a) ~ (a) + ~s (a) ~ (a), 
a r  

V*=~n=o i -~+ l  f A n e x p ( - - h ~ n )  Pn ~ + gB~exp(--hX12)P~,02~ )l'~ 

v ,  = {Yl(a), ~2(a), Pl(a), ~2(a)}, ( I . 6 )  
X = {X~, X2}, R = {R1, R2}, Y = {Yl, Y2}, 

q = {ql, q2}, V = {V1, g2}, W = {T 1, T2}, 
I =  {1~}, g = {g~} (k = I, 2, 3, 4) 

(G, P, Q, s are second-order matrix functions with the components Gnm, Pnm, Qnm, Snm (n, m = 
i, 2), the latter themselves being functions of the Hankel transform parameter a and the 
elastic constants of the medium. Here, Gnm and Pnm have one pole on the positive real half- 
plane, while Qnm and Snm (n, m = i, 2) are meromorphic functions having a finite number of 
poles on R+: 

4 -2 2r ]1 0T 1, ]2 ----- a i3 = 2 a 2 -  011021 
= 011) m ,  . Ou;~ u , J4 = 011-, 

2 I ~2 
0r ~2- ~21 

g~ = ao~l;~'~-#, g2 = - -  0~-11, g3 = 2aO~ 1, g~ 021~.21 

X ~ =  l / a  ~ O~j, 0 1 j - ~ ~  0 2 j = ' ~  (4 1 = t ,  2), 
- -  Vp/ E 

2 
Gnm(~Z, r A-R ~ (a) ~ (;) = Gr~m ((z, (p) exp,(--  ~Jl(-- cos q) + h)). 

j = l  

The expressions for Gnm(J), Pnm, Qnm, Snm are omitted here due to their awkwardness. 

With allowance for the fact that the stresses qj in the contact region are unknown, we 

augment system (1.6) with an equation which characterizes the equality of the displacements 
in the layer under the die and the assigned function W,(t); this equation closes system (1.6) 
and can be written as 

S [--  R2 aLH (a) + BIR~ (a) + qlRb (a)] Jo ( a N ) a  dec exp (--  io)t) = W ,  (t) .  
r 

(1.7) 

Let us study the resulting system (1.6), (1.7). With the condition that the cavity is 
set deep in the half-space (h > i), we can use Artsel's theorem [3] to show that the operator 

K . X  = S G (a, ~ ) .X(=)  d= 
P 

is continuous in the space ~2 ((-~, ~)). With the condition h >> I, it becomes small and 
is estimated as 
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1-.</-.<2 m:l 

dR 2 -2 ! < 1. < ],-1/~0,, ( t  + 3V~Vv~ ), mL  (R) I 
(1.8) 

Together with condition (1.8), the continuity 0f the functions which determine the elements 
of the matrices P, Q, S and the vectors T, V makes it possible to find functions Yj, Xj, 

Rj, qj (j = i, 2) in the form of expansions in the small parameter h -~ [4]: 

] = rio) + h-I/(1) + .... ] = Yj, Xj, Rj. q: (] : I. 2). (1.9) 

Here, the contour integrals are evaluated by asymptotic methods with the accuracy necessary 
to find each subsequent term in expansion (1.9). To determine qj(k), at each step we need 

to use the method of successive approximations to solve singular integral equation (1.7). 

The right side of this equation depends on the preceding terms of the expansion qj(k-i), 

xj(k-1), Rj(k-1), yj(k-z). We find the functions qj(0) by solving the contact problem for 

a vibrating die on a two-layer medium without a cavity. The equation is solved by using the 
method of approximate factorization of matrix functions [5]. 

2. We assume that the die is massive and we represent its mass as m. Considering that 
the die's motion is due to an applied load which changes by the law (i.i), the equation of 
motion of die can be written as 

m~V, : (T. -- Q,) exp (-- imt), 

(2.i) 
T ,  = 2~a- ipRo,  Q,  : 2 ~ h a  j Rq~dR �9 

0 

Alternatively, it can be written as follows in terms of the amplitude functions with allow- 
ance for W, = Wexp(-imt) 

W = ( O -  T)/(O~2M), M = mV~=/(~t2a 3) O = Q,/(bt2a), T = T.:(bt2a). ( 2 . 2 )  

P r o c e e d i n g  on t h e  b a s i s  o f  t h e  s i m u l t a n e o u s  s o l u t i o n  o f  Eqs.  ( 1 . 6 ) ,  ( 1 . 7 ) ,  arid ( 2 . 2 ) ,  
we can s t u d y  t h e  e f f e c t  o f  t h e  mass o f  t h e  d i e ,  t h e  l o c a t i o n  o f  t h e  c a v i t y  in  t h e  medium, 
and o t h e r  p a r a m e t e r s  o f  t h e  p rob lem on t h e  a m p l i t u d e s  o f  t h e  d i s p l a c e m e n t s  o f  p o i n t s  o f  t h e  
medium. Here ,  we make u se  o f  t h e o r e t i c a l  f o r m u l a s  ( 1 . 3 ) - ( 1 . 5 ) . .  

As an example of calculation of the amplitude-frequency characteristics of points of 
the medium, we present the dependence of the amplitude values of the displacements W on fre- 
quency 822 for different values of the mass of the die and different cavity depths. For the 
values M = 4 and 26, Figs. 1 and 2 show the behavior of IWI in relation to 822; the solid 
line corresponds to h -I = 0, while the dashed line corresponds to h -I = 0.3 and the dot-dash 
line corresponds to h -l = 0.5; hl = i, Vs2 = 300 m/sec, Vsl = 600 m/sec, Vpj = 2Vsj (j = i, 
2). 

It can be seen from the graphs that the bounded resonance frequency depends only slight- 
ly on the position and dimensions of the cavity for a fixed die mass. Meanwhile, the ampli- 
tude of the bounded resonance is appreciably dependent both on the mass of the die and on the 
size and depth of the cavity, given the above-noted restrictions. Here, while the depen- 
dence of the frequency of bounded resonance on the mass of the die is of the same character 
as when the cavity is absent [6], the presence of the cavity nearly always leads to a reduc- 
tion in the amplitude of the first resonance - regardless of the mass of the die. 

With an increase in the parameter h -I (h -I e (0; 0.5)) for any M, the reduction in the 
amplitude of the first resonance is monotonic and can alter the pattern of behavior only 
when the cavity approaches the plane z = 0 (h -I e (0.5; i)) and Rayleigh waves begin to have 
a significant effect. Study of the second and subsequent resonances leads to the conclusion 
that the presence of a cavity can lead to either a decrease or an increase in the maximum 
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amplitude. Here, the change in maximum amplitude will be proportional to the change in the 
amplitude of the first resonance relative to the corrected frequency of the corresponding 
resonance. 
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